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Abstract. We present here the most important ideas, equations and solutions
for the running of all the quark Yukawa couplings and all the elements of the
Cabibbo-Kobayashi-Maskawa matrix, in the approximation of one loop, and up
to order λ4, where λ  0.22 is the sine of the Cabibbo angle. Our purpose is to
determine what the evolution of these parameters may indicate for the physics of
the standard model (SM), the minimal supersymmetric standard model (MSSM)
and for the Double Higgs Model (DHM).
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The number of free parameters of the standard model is at least 18. For a
fundamental theory this is a rather large number of parameters. 11 of these
parameters are related to the masses, 3 are the coupling constants and 4 are
the parameters of the Cabibbo-Kobayashi-Maskawa (CKM) matrix. All these
parameters have to be given in the Lagrangian of the standard model which
is also a function of the elds. We are accustomed to talk about the masses
and coupling constants but the parameters of the Lagrangian are not really
the physical observables that are measured in the experiment. The real phys-
ical observables are the matrix elements of the S matrix which are rather
complicated functions of the Lagrangian’s parameters. The physical particle
masses are for example determined from the positions of the poles of the S
matrix elements. Each physical theory requires the renormalization in order
to become nite. The renormalization is the procedure that links the physical
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observables with the parameters of the Lagrangian. In realistic theories the
renormalization also serves as a method to remove the innities that appear
in the loop diagrams. The renormalization procedure rst employs the regu-
larization and then by using the appropriate counter terms, the innities are
removed from the observables. In the process of the renormalization one has
to impose some conditions that introduce into the theory an arbitrary con-
stant µ of the dimension of energy which is called the renormalization scale.
The observables cannot and do not depend on the renormalization scale but
the coupling constants and masses in the Lagrangian do. Their dependence
on the renormalization scale µ is determined from the renormalization group
equations [1{11] that are derived from the condition of independence of the
observables on the renormalization scale.
The equations of the renormalization group give the dependence of the pa-
rameters of the Lagrangian on the renormalization scale. The rst interesting
result is that the coupling constants of QED and QCD have the following
dependence on the renormalization scale
QED : µ % −! αQED % (1)
QCD : µ % −! αQCD & (2)
The decreasing of the QCD coupling constant as the renormalization scale µ
increases is called asymptotic freedom and historically was one of the most
important arguments for the introduction of the QCD, but we also see from
the previous equation that there must exist a scale µ where the two coupling
constants are equal
αQED = αQCD (3)
and this happens when the value of µ is approximately 1014GeV. It turns out
that the value of the remaining coupling constant is not far from the αQED and
αQCD so at this energy the three gauge coupling constants are equal and one
can therefore introduce only one gauge group, simplifying the standard model
and reducing the number of parameters. This hypothesis is called the Grand
Unication. One can pursue this idea further by investigating the behavior of
other coupling constants.
The CKM [12,13] matrix and the quark masses in the standard model are
related to the couplings of quarks to the Higgs particle. The CKM matrix
at the MZ energy does not have a denite symmetry and none of its matrix
elements is vanishing. It has however an interesting hierarchy property that
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The CKM matrix is obtained from the biunitary diagonalization of the Yukawa














The renormalization group flow of the matrices yu and yd of the Yukawa cou-
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where t  ln(E/µ) is the energy scale parameter. Equations for yu and yd
have to be complemented by the following equations for the gauge coupling
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These equations form a system of coupled nonlinear equations and their ex-
plicit solution is not possible, but one can obtain several interesting properties
of these equations if one makes use of the hierarchy that is contained in them.
The lowest non trivial order arises when we neglect in the equations the terms
of the order λ4 and higher. This approximation is equivalent to the one loop

















































The various functions and constants in the renormalization group equations
are equal to
(b1, b2, b3) = (41/10,−19/6,−7)SM , (21/5,−3,−7)DHM , (33/5, 1,−3)MSSM ,
(13)
αu1(t) = −(c1g21 + c2g22 + c3g23), αu2 =
3b
2
, αu3 = 3, (14)
αd1(t) = −(c01g21 + c02g22 + c03g23), αd2 =
3c
2
, αd3 = 3a, (15)
α
vu,d










3 = −3, αvu3 = −3, αvd3 = 0, (16)
with
(a, b, c) = (1, 1,−1)SM , (0, 1, 1/3)DHM , (0, 2, 2/3)MSSM





3) = (1/4, 9/4, 8)SM , (1/4, 9/4, 8)DHM , (7/15, 3, 16/3)MSSM,
(c001(u,d), c
00
2(u,d)) = (−9/20,−9/4)SM , (−9/20,−9/4)DHM , (−3/20,−3/4)MSSM .
Here(SM) stands for Standard Model , (MSSM) for Minimal Supersymmetric
Standard Model and (DHM) for Double Higgs Model.
Equations for gi can be solved independently and with these solutions one











, g0i  gi(t0), (17)
The solutions to the remaining equations are [16,17]:















































































































From the solutions for the yu and yd we obtain the explicit energy depen-
dence of the CKM matrix elements:
jV^td (t) j2 = jV^
0
tdj2
h2 + (1− h2) jV^ 0tdj2




jV^cd (t) j2 = h
2jV^ 0cdj2
h2 + (1− h2)jV^ 0tdj2
, jV^tb(t)j2 = h
2jV^ 0tbj2
1 + (h2 − 1)jV^ 0tbj2
, (26)
jV^ub (t) j2 = jV^
0
ubj2
1 + (h2 − 1)jV^ 0tbj2
. (27)
All the remaining CKM matrix elements can be obtained from the unitarity.





, and λ, ρ, η are invariant. (28)


































































We nally summarize our conclusions formulating the following theorems:
Theorem 1: The one loop renormalization group flow of the CKM matrix
depends on only one universal function of the energy h(t).
Theorem 2: The ratios of the down quark masses md/mb and ms/mb are the
functions of only h(t).
Theorem 3: The ratio of the up and down quark masses mu/mc and mu/mc
are energy independent.
Theorem 4: The next order non vanishing corrections for the flow of the CKM
matrix are of the order λ5.
Theorem 5: The unitarity triangle is invariant trough the evolution. We
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